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Sparse Jacobian Updates in the Collocation Method
for Optimal Control Problems

JohnT. Belts*
Boeing Computer Services, Seattle, Washington 98124

Advanced guidance algorithms for the control of aerospace vehicles can require rapid solution of an optimal
control problem. The necessary conditions for the solution of an optimal control problem result in a two-point
boundary-value problem. For guidance applications, the boundary-value problem must be solved rapidly in
order to reflect real-time navigation input. The collocation method has been proposed by a number of authors
as a robust approach to the problem. By introducing piecewise cubic polynomial interpolation of the dynamic
variables, the boundary-value problem is reduced to solving a system of nonlinear algebraic equations, the
resulting iteration equation involves a large sparse matrix. This paper demonstrates the application of sparse
Broyden updates for the iteration matrix that results in significant time savings. The viability of the approach
for real-time optimal control applications is illustrated with computational results for maximum downrange and
crossrange Shuttle re-entry trajectories and for simpler powered flight ascent trajectories. A substantial reduction
in computation cost has been observed for typical cases.

Introduction

T HE design of a trajectory for many aerospace vehicles can
be formulated as an optimal control problem. The effec-

tive solution of a general optimal control problem is a notori-
ously challenging computational task. When a vehicle actually
flies a trajectory, it is subjected to random perturbations that
cannot be predicted in preflight or nominal mission design.
Consequently, even though the nominal mission design may be
optimally configured, the actual trajectory flown will exhibit a
degradation in the performance index. The role of a guidance
algorithm is to maintain control of a vehicle in the presence of
errors and, when possible, optimize the trajectory.

Since the perturbing forces on a trajectory are assumed to be
small, most guidance techniques attempt to exploit this by
introducing approximations that are valid in a small neighbor-
hood of the nominal trajectory. For example, it is common to
approximate the nonlinear control problem using linear dy-
namics and a quadratic performance index. The papers by
Breakwell et al.1 and Kelley2 describe the fundamentals of this
technique. The primary reason for introducing approxima-
tions is to avoid the computational burden of solving a general
nonlinear optimal control problem. With the increased power
of onboard computers, it has become desirable to solve the
trajectory design problem iii real-time in order to maintain
vehicle autonomy arid enhance mission flexibility. The Inertial
Upper Stage Gamma Guidance algorithm3 represents a first
step in this direction, since it effectively solves an impulsive
orbit transfer problem to determine steering commands. The
method described in Bradt et al.15 extends the philosophy of
Ref. 3, to solve a general optimal control problem without
introducing approximations about a preflight nominal trajec-
tory. The method introduced in Ref. 15 uses a general nonlin-
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ear programming algorithm in conjunction with collocation as
proposed for preflight trajectory design by Hargraves and
Paris.16

The guidance application is characterized by the need to
repeatedly solve a similar problem. Furthermore, the solution
obtained on one guidance call should provide a good predic-
tion for the solution on the next guidance call. It is important
to note, however, that successive solutions may deviate sub-
stantially from a preflight nominal trajectory, thus precluding
linearization about a nominal trajectory profile.

The necessary conditions for the optimal solution of. a con-
trol problem result in a nonlinear two-point boundary-value
problem. The shooting method for solving a boundary-value
problem, although straightforward, is not sufficiently robust,
primarily because of inherent instability in the adjoint differ-
ential equations. A number of authors4"6 have proposed using
the collocation method to solve the boundary-value problem.
In this paper, the approach of Dickmanns4 is extended to ex-
ploit the characteristics of the guidance environment. Specifi-
cally, the use of a sparse Broyden update for the Jacobian
matrix is introduced, thereby significantly reducing the cost of
an iteration. Computational experience on a number of prob-
lems, including a Shuttle re-entry, demonstrates the viability
of the technique.

Optimal Control Problem
The general optimal control problem can be stated in a num-

ber of ways. We choose a form that is well-suited to guidance
applications. Let us find the m-dimensional control vector
u(t) to minimize the performance index

J = <t>[x(tf),tf] (1)

evaluated at the final time //. The dynamics of the system are
defined by the state equations

(2)

where the ne dimension state vector x has given initial condi-
tions at time t$\ i.e., given

x(t0) (3)
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Furthermore, at the final time we impose the nq constraints

(4)

(5)

The Hamiltonian function is

where X is an ne vector of adjoint variables. The adjoint equa-
tions

(6)

(7)

must satisfy the transversality conditions

as well as

where v is an nq-vector of constants. The optimal control
vector is defined by the maximum principle

d
(9)

The solution of the 2ne differential equations (2) and (6) and
the choice of the nq + 1 parameters v and tf are determined by
the 2ne + ng + l boundary conditions [Eqs. (3), (4), (7), and
(8)]. State and control variable path constraints will not be
addressed in this paper, although they could be incorporated
by including either a predetermined number of constrained
phases or a penalty function.

Collocation Using Hermite Interpolation
Solution of the two-point boundary value problem is

achieved by approximating the functions using a finite set of
parameters. The boundary-value problem is then reduced to
solving a set of nonlinear algebraic equations using an iteration
procedure. This section describes how the boundary-value
problem is approximated with a finite set of parameters using
Hermite interpolation.

All dynamic variables y = (jc,X) are approximated using
piecewise cubic polynomials. We begin by dividing the time
interval into ns segments

t0<tl<t2<- - •<*/ = *„,

Let us define the constants

(10)

for j = 0,1,. . ., (ns — 1). Thus, the constants rj+\ just define
the fraction of the total time interval allocated to each seg-
ment. Within each segment, the function is approximated by a
cubic polynomial. The four coefficients in the cubic polyno-
mial are determined, such that y and y at the mesh points
match. The value of the cubic approximation at the midpoint
of a segment is then

(11)

for j = 0,1,. . ., (ns — 1). We have used the notation yj ^ y ( t j )
to indicate the value at a mesh point. The expression for yj
applies to each component of the vector y. The derivative of

the cubic approximation at the midpoint of the interval is

(12)

Sincey = g(y9t)-by construction, and g is given by the right-
hand sides of Eqs, (2) and (6), the differential equations are
automatically satisfied at the mesh points. In general, they will
not be satisfied at the midpoints of the segments, so let us
define the defect vector

where tm is the time at the midpoint of the segment. There is
a 2ne dimension defect vector for each of the ns segments.

Let us now define the iteration variables

Z = [x(/0),*(/i),X(/1)> . . . ,

Note that z , which has dimension

nd = 2nens + ne +

(14)

(15)

consists of the dynamic variables x and X at all of the mesh
points, as well as the constants p9 and final time //. Since the
state vector jc(/0j is given by Eq. (3), it is not included in i.

The iteration variables must be chosen, such that the con-
straint vector

A,

A2

c(z)= = 0 (16)

T
R

The total constraint vector is made of the defect vectors from
each of the ns segments, the nq terminal constraints [Eq. (4)],
the ne transversality conditions [Eq. (7)], and the condition in
Eq. (8). When the constraints c(z) are satisfied, not only are
the boundary conditions ^, T, and R satisfied, but also the
differential equations (2) and (6) are satisfied at the mesh
points and the interval midpoints. Clearly the accuracy of the
solution is dictated by the number and location of the mesh
points. The general problem of mesh refinement and its rela-
tion to integration accuracy is discussed in Refs. 4 and 6. For
a guidance application, it is assumed that the mesh points have
been selected to provide sufficient accuracy in the solution.

Iteration Technique
The basic iterative technique used for computing a new esti-

mate of the variables z from an old estimate z is given by the
formula

z = z - ps (17)

where p is a scalar defining the step length taken in the direc-
tion 5. The step length is adjusted using a quadratic interpola-
tion method when required to insure a reduction in the con-
straint error, i.e.,

(18)

The search direction vector is computed by solving the linear
system

Gs = (19)
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where G is the nd x nd Jacobian matrix

G =

Gn G12 0
0 G22 G23

0

0

Gnsns

0 Gti
0 G,2

0 Gtn

(20)

The submatrices have the following dimensions

Gn
G;j
Gti

Gbz
Gbv

Gbt

nb xne

nb x nb

nb x 1

(ne + nq

x nb

where the block size nb=2ne. Because the dimension of G
depends on the number of segements ns, it is quite likely to be
large. Consequently, it is very important to exploit the sparsity
of G, not only to reduce storage requirements, but also to
reduce the computation times.

There are two principal contributions to the computational
cost of an iteration. The first is the numerical solution of
the linear system [Eq. (19)], and the second is the evaluation of
the Jacobian matrix G. In Ref. 7, Dickmanns describes a
method for solving Eq. (19), which is essentially a Gaussian
elimination technique applied to the blocks of G. The ap-
proach requires solving an nb dimensional dense system
(ns -1) times, and then solving a dense (3ne + nq + 1) system.
Since the cost of solving a dense system is O(«3), the compu-
tational overhead associated with this sparse technique is
O[(ns — \)nb + (3ne +nq + I)3]. By comparison, solving Eq.
(19) directly would require O(nd) operations, where ndis given
by Eq. (15). For a typical example, such as the Shuttle re-entry
to be described, ns = 50, ne = 6, nq = 3, and the dense solution
would require nearly 2400 times as many numerical opera-
tions. In other words, the sparse method is nearly four orders
of magnitude faster than the dense method. A Householder
decomposition technique is used in the current implementa-
tion to solve the small blocks in the sparse system. Although
the current implementation is acceptable, further time sav-
ings may be possible by incorporating an alternate sparse solu-
tion technique and/or utilizing vector or parallel processing
methods.

Sparse Broyden Update
Computing the Jacobian matrix G in Eq. (19) is often the

most costly operation, especially if it is constructed using finite
differencing. When a forward or backward difference tech-
nique is used, the constraint vector c must be evaluated an
additional nd times to construct the Jacobian, and, if a central
difference method is used, at least 2nd evaluations must be
made. An alternate approach is to construct the Jacobian by
updating a previous estimate, using only a single constraint
evaluation. Thus, we are interested in a formula of the form

where

be = c(z)-c(z)

(21)

(22)

(23)

For a dense Jacobian matrix, the Broyden update formula is
just

(24)

Schubert8 and Broyden9 suggested a generalization of the up-
date, which maintains sparsity. Specifically,

(25)

where D + is the pseudoinverse of a diagonal positive semidef-
inite matrix with

Du = dzldZi (26)

The vector 6z/ is constructed by imposing the sparsity pattern
for the /th row of G on dz . The projection operator Pz zeros
out the elements corresponding to the zeros of G .

Sparse Finite-Difference Jacobian
Another way for computing the Jacobian of a sparse matrix

was suggested by Curtis et al.10 Essentially, the approach re-
quires partitioning the column indices of the Jacobian G into
subsets F*. Each subset of the columns of G has the property
that there is at most one nonzero element in each row. Then we
define the perturbation direction vector by

dzk = £ hj€j (27)

where hj is the perturbation size for variable j, and Cj is a unit
vector in direction j. Then for each nonzero row / of a column

*, we can approximate element ij of the Jacobian by

d(z (28)

The total number of evaluations required is just the total num-
ber of index sets Tk needed to span the columns of G .

For a matrix with the sparsity structure of Eq. (20), the
sparse differencing can be implemented as follows, assuming
ns is an even number. Set

^l] (29)

(30)

(31)

(32)

for k = 5ne + 1. The index sets given by Eq. (29) compute all of
the blocks along the diagonal of Eq. (20), namely Gj2, G22
through Gnsns+1, and Gbz. The index sets [Eq. (30)] produce the
nq columnsVf Gbv and the first nq columns of GU. The remain-
ing ne-nq columns of GU are defined by the sets [Eq. (31)], and
the final column of G is produced by set [Eq. (32)]. The pertur-
bation scheme is modified slightly when ns is odd. Notice that
the total number of perturbations is given by

for £ = 1,2,. . .92nb;

Tk = [k -2nb,k-2nb + ne + nsnb]

for k = (2nb + 1),. . . 9(2nb + nq)\

T*=[k-2nb]

for k = (2nb + nq + 1),. . . ,(2^ + /ie);

n* =
5ne + I ns even
lne + 1 ns odd

(33)

Note that the maximum number of perturbations is indepen-
dent of the number of segments ns \

Although the partitioning scheme defined by Eqs. (29-32)
is quite efficient, it may not be the optimal partitioning.
Coleman and More11 show that the problem of defining the
minimum number of index sets that span the space can be
formulated as a graph coloring problem. Application of their
algorithms might afford further computational efficiencies
and will be pursued in future research.
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Numerical Results
To develop an efficient computational algorithm, a series of

numerical test cases have been solved that incorporate the
techniques discussed. There are a number of criteria that
should be used to measure the efficiency of a computational
algorithm. Clearly, the two principal areas of concern are
computer storage and run time. Unfortunately, absolute an-
swers to the questions, "How fast does it run?" and "How
much memory does it use?" must be deferred until specific
hardware is determined. Instead, we must be satisfied with
relative answers. The goal of the paper has been to reduce
storage and run time by exploiting the sparsity of the Jacobian
matrix. For most trajectory applications the computational
cost and storage requirements are dominated by the cost
of a function evaluation. Consequently the principal figure
of merit used to assess an algorithm will be the number of
function evaluations, where a "function evaluation" consists
of a single evaluation of c(z). All results presented Were ob-
tained using an SCS-40 computer. The iteration was termi-
nated when \d\ < 10~10 for all /.

Brachistochrone
The first series of tests were run on the classical Brachis-

tochrone problem, as described by Bryson and Ho.12 The for-
mulation used has one control and three state variables, and
initial guesses were constructed as multiples of the known
solution, i.e., z(0) = kz *. The first set of cases were designed to
compare the sparse Broyden update [Eq. (25)] with the dense
version of the update [Eq. (24)]. A single update was done per
iteration and the initial Jacobian was computed using a central
differencing technique with perturbation sizes adjusted for
accuracy. Table 1 presents the results of four cases, beginning
from different initial guesses, i.e., different multiples k.

For all cases ns = 4 and nd = 29. For all four cases the sparse
update required more iterations and, hence, more function
evaluations than the dense update. Based on the number of
iterations there would seem to be no reason to choose the
sparse update. However, a sparse iteration should require
O(1979) operations, whereas a dense iteration should require
O(24,389) calculations. Consequently, the ultimate choice is
dictated by factors not addressed, namely the cost of a func-
tion evaluation relative to the cost of an iteration.

Table 2 presents a collection of cases designed to demon-
strate various algorithmic features and options. The initial
Jacobian matrix was computed three different ways. The first
way was central differencing with perturbation size adjust-
ment, and is denoted as C. Forward difference estimates are
indicated by F, and when the sparse differencing method of
Eqs. (27-32) was used it was denoted by the symbol S. After

Table 1 Sparse vs dense Broyden update

Table 3 Powered flight results

Guess
0.5
0.75
1.25
1.5

Function
evaluation for G°

122
122
125
119

Iterations,
sparse/dense

27/18
15/13
14/12
21/17

Total function
evaluations

sparse/dense
148/139
136/134
138/136
139/135

Table 2 Brachistochrone results

1
2
3
4
5
6

Case
C-B
F-B
F-B
S-B
S-N
F-N

ns

4
4

10
10
10
10

rid
29
29
65
65
65
65

Function
evaluations for G°

122
30
66
17
17
66

Iterations
27
29
31
31
5
5

Total function
evaluations

148
58
96
47
70

265

Case

1 Linear tangent
2 Bilinear tangent
3 Bilinear tangent

ns

4
4
8

rid
40
41
73

Function
evaluations

forG°

41
42
74

Iterations

24
35
24

Total function
evaluations

69
90

101

Table 4 Maximum downrange results

Case

1 Good guess, F-B
2 Good guess, S-N
3 Good guess, S-B
4 Bad guess, F-B
5 Bad guess, S-N
6 Bad guess, S-B

Function
evaluations

forG°

611
32
32

611
32
32

Iterations

6
3
6

211
14

211

Total function
evaluations

616
66
37

980
421
401

the initial Jacobian was constructed, two options for comput-
ing subsequent Jacobians were investigated. The first ap-
proach is to update the Jacobian using the sparse Broyden
formula [Eq. (25)], and this is denoted by the symbol B. The
second alternative is to recompute the Jacobian at each itera-
tion, using the same perturbation technique used to construct
G°. Since this is just a Newton method, we denote it by the
symbol TV.

The first case in Table 2 is just a repeat of the first case in
Table 1. In case 1, the initial Jacobian was computed using
central differences, with the perturbation size adjusted to bal-
ance truncation and roundoff error in the estimates. In case 2,
the initial Jacobian was computed using forward differences,
with no perturbation size adjustment, thereby reducing the
number of function evaluations from 122 to 30. However,
since the perturbation sizes were not chosen optimally, the
initial Jacobian G° was not as accurate, and the number of
iterations increased from 27 to 29. The remaining four cases all
had 10 segments and 65 iteration variables. Comparing case 2
with case 3, we notice that only two additional iterations were
required and that most of the additional function evaluations
were necessary to compute G°. When the Jacobian was initial-
ized with sparse differences in case 4, the cost was reduced
from 66 to 17 function evaluations, and produced no change
in the number of iterations. In case 5, the number of iterations
was reduced from 31 to 5, by recomputing a sparse difference
Jacobian at each iteration. Note, however, that the total num-
ber of function evaluations increased to 70 from 47, even
though there were fewer iterations. For comparison with case
5, a Newton method employing forward difference Jacobians
was included. Note that the same number of iterations were
required; however, the number of function evaluations (265)
was much larger. The results of case 6 should be analogous to
the method proposed by Dickmanns.4'7

Powered Flight
Two simple planar powered flight cases were solved to

demonstrate viability of the method to ascent vehicle guid-
ance. The problems are defined in Appendix A. For both
problems the objective is to minimize the final time //, and the
analytic solution can be found in Ref. 12. When all four of the
state variables are constrained at the terminal point, the opti-
mal control obeys a bilinear tangent law, and when the final
range (x\) is free, the optimal control is given by a linear
tangent expression. The initial guess for the iteration variables
z was constructed by linearly interpolating between the end
conditions for the analytic solution (cf. Ref. 12, p. 61), with
/y = 0.5. All cases used a forward difference initial Jacobian
with Broyden updating (F-B) algorithm strategy. Table 3
summarizes the results.
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The final case in Table 3 incorporated an asymmetric grid
distribution, that is, the constants r, given by Eq. (10) were not
just set to l/ns, as in all other examples. Instead, T\ = T%= 1/4,
T2 = T7=l/8, and T3 = T4 = 75 = T6= 1/16. Notice that even
though the final case had more variables than the second case,
the method converged in fewer iterations because of the im-
proved accuracy produced by the asymmetric grid.

Optimal Aerodynamic Control of Shuttle Re-Entry
The final collection of cases involve the optimal control of

the re-entry trajectory for a vehicle that represents a simplified
model of the space shuttle. The problems are defined in Ap-
pendix B. A spherical, nonrotating Earth, with an exponential
atmosphere and simplified vehicle aerodynamics, was used. In
addition, the dynamics equations were written in intrinsic co-
ordinates, using characteristic or canonical units, as defined in
Ref. 13. A similar set of maximum downrange and crossrange
problems were solved in Ref. 14, although aerodynamic heat-
ing constraints are omitted here for simplicity. These problems
are extremely difficult to solve using a shooting method be-
cause the state and adjoint equations are numerically unstable.
Furthermore, a large number of mesh points are necessary to
accurately integrate the differential equations, because the so-
lutions are oscillatory in nature.

Two different initial guesses were used to begin the iteration
for a maximum downrange solution. A "good guess" was
obtained by numerically integrating the state and adjoint equa-
tions, using the optimal values found in Ref. 14. Even though
state and adjoint variables were accurate to more than 10
figures, the integrated solution at the final time exhibits an
altitude error of 361 ft, a velocity error of 19.4 fps, and flight-
path angle error of 0.01 deg. In essence, the good guess results
from numerical instability in reproducing a known optimal
solution. The so-called "bad guess" was obtained by per-
turbing the good guess approximately 10%, i.e., z°=l .U*.
The maximum downrange subject to the terminal constraints
is 187.5079° longitude at a trajectory time of 3633.667 s. The
maximum crossrange solution yields a latitude of 34.14114°,
at a longitude of 75.31535° and trajectory time of 2008.584 s.
The optimal angle of attack and bank angle histories for these
cases are very similar to those presented in Ref. 14. All results
are characterized by the parameters m=2, ne = 6, nq = 3,
«5 = 50, and/irf = 610.

Examination of the results presented in Table 4 leads to
conclusions similar to those seen for the Brachistochrone ex-
ample. It is clearly preferable to compute the initial Jacobian
using the sparse finite-difference approach. It also seems clear

Table 5 Sparse difference Newton method

Table 6 Sparse Broyden method

Case
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21

Iterations
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
4
5
5

19
10

Total function evaluations
66
66
66
66
66
66
66
98
98
98
98
98
98
98
98
98
98

130
130
590
293

Case
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

Iterations
6/6
5/6
5/7
5/8
5/8
5/9
6/9
6/10
6/11
6/10
6/11
6/11
6/13
6/13
6/13
6/14
6/15
6/16
7/16
7/17
7/18

Total
function

evaluations
37/37
36/6
36/7
36/8
36/8
36/9
37/9
37/10
37/11
37/10
37/11
37/11
37/13
37/13
37/13
37/14
37/15
37/16
38/16
38/17
38/18

Case
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

Iterations
7/20
8/22
8/25
8/25
8/33
8/31
9/31
9/42
9/42
9/55
10/51
10/47
11/47
11/62
12/79
14/97
18/62
41/54
51/37
23/24

Total
function

evaluations
38/21
39/23
39/29
39/26
39/38
39/36
40/37
40/53
40/54
40/77
41/68
41/60
42/62
42/94
43/125
45/157
49/140
98/94
113/97
55/27

that the basic Newton method with sparse difference Jacobian
estimates requires fewer iterations to converge than the Broy-
den update approach. However, the fewest number of func-
tion evaluations are needed by the Broyden method with sparse
difference G°.

The final set of results are presented in Tables 5 and 6. The
primary goal was to solve a series of similar problems, much
as would be done by an onboard guidance algorithm. To this
end we minimize

= -(l-e)x2(tf)-ex3(tf) (34)

where Jc2(//) is the longitude, Jc3(//) the latitude, and the embed-
ding parameter

(35)

where / is the case number and N the total number of cases.
Notice that for case 1, / = 1 and e = 0, so that the overall
problem is a maximum downrange trajectory. The maximum
crossrange trajectory occurs for case N, when e= 1. Table 5
summarizes the results of 21 different cases, beginning with a
maximum downrange trajectory and ending with a maximum
cross-range trajectory. A sparse finite-difference Newton
method was used for all cases. The solution for case k was used
as the initial guess for case k + 1. The initial guess for case 1
was the "good guess," so that case 1 on Table 5 is the same as
case 2 on Table 4. Except for the last two cases, all solutions
were obtained in five iterations or less.

Table 6 presents similar results, when 41 cases were solved
using the embedding approach. Two different versions of the
iteration algorithm were employed. Both versions used a
sparse Broyden update and carried over the initial guess for z
from the preceding case. One version of the algorithm con-
structed the initial Jacobian using sparse finite differencing.
The second version carried over the final Jacobian from case
k to use as the initial Jacobian for case k + 1. For the second
version, only case 1 used the sparse difference estimate for G°.
The results for each version are presented in adjoining col-
umns. For example, case 3 required 5 iterations and 36 func-
tion evaluations to converge when the Jacobian was initialized
by sparse differences. In contrast, when the Jacobian from
case 2 was used to initialize case 3, 7 iterations and 7 evalua-
tions were required for convergence. In fact, the Jacobian
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carryover strategy provided better results for the first 28 cases
and the last 3 cases. Only cases 29-38 showed sufficient degra-
dation to warrant recomputing G° by differencing. It should
be observed, however, that the carryover strategy nearly al-
ways requires more iterations.

Summary and Conclusions
Advanced guidance algorithms often require the rapid solu-

tion of two-point boundary-value problems. Toward this end,
the collocation method has been specialized by incorporating
a sparse Broyden update in conjunction with a sparse finite-
difference estimation technique. Computational experience
with a series of test cases demonstrates the overall viability of
the approach. In general, a sparse Broyden method requires
the fewest number of function evaluations to converge, pro-
vided that the iteration begins with a reasonable estimate for
the Jacobian matrix. For many guidance applications, a rea-
sonable estimate can be provided by simply using the result of
an earlier guidance call, i.e., carry over the Jacobian. After
many updates, the accuracy of the Jacobian may degrade. In
this case, or when beginning a new problem, an efficient alter-
native is to compute the Jacobian using a sparse finite-differ-
ence method. Generally speaking, if the Jacobian matrix is
more accurate, the number of iterations is reduced. Conse-
quently, the ultimate choice of method will be dictated by the
computational cost of a function evaluation compared to the
cost of an iteration, i.e., solving a sparse linear system. An
answer to this question must be deferred until both the hard-
ware and the function evaluation process are more precisely
defined.

Although the basic thrust of the paper was oriented toward
improving the efficiency of the collocation method for guid-
ance applications, the approach presented is also applicable
when solving optimal control problems in other environments.
It has been demonstrated that a combination of the sparse
Broyden update with the sparse finite differencing signifi-
cantly reduces the solution time when compared to a standard
finite-difference Newton method.

Appendix A: Simplified Powered Flight Examples
State Equations

The equations of motion for a point mass acted upon by a
thrust force of magnitude ma are

X2 = X

x3 = a
x4 = a

Bilinear Tangent Case
When the end conditions are

where a = 100.

Linear Tangent Case
When the end conditions are

*2(0) = 0
*3(0) = 0
jc4(0) = 0
x2(tf) = 5
x3(tf) = V4000
x4(tf) = 0

the optimal control is given by the "linear tangent" law,

*i(0)=.0
*2(0) = 0

*4(0) = 0
xi(tf) = 5
x2(tf) = 5

x4(tf) = 5

the optimal control is given by the "bilinear tangent" law,

Appendix B: Simplified Aerodynamic Re-Entry
Equations of Motion

The basic dynamic variables are defined, as follows:

x\ = altitude, ft
x2 = longitude, rad
x3 = geocentric latitude, rad
x4 = air relative velocity, fps
x5 = air relative flight-path angle, rad
jc6 = air relative azimuth, rad
HI = angle of attack, rad
«2 = bank angle, rad

The equations of motion in terms of these variables are

cos#3)
x\ =
x2 - (x4 cosx5

x3 = (x4 cosx5

x4 - —(D/m) — g sinx$
x5 = (L cosu2/mx4)
x6 = (L sinu2)/(mx4 cosx5) + (x4/r) cosx5 sinx6 tan*3

where
r = x\ + ce

g = t*/r2

L = V2PxlCLS
D= V2px%CDS
p = p0Q\p(-xl/hr)

The vehicle aerodynamics are given by

CL = CLO

CD = CDQ

Constants
For the specific case of interest define the constant values, as

follows:

ce = 0.209029 x 108

It = 0. 14076539 x 1017

m = 6309.432886
S = 2690

Po = 0.002378
hr = 23,800

C L O =- 0.20704
CLl = 0.029244
CDO = 0.07854
CDl= -6.1592 x 10-3

CD2 = 6.21408 x 10~4

(7=180/7T



MAY-JUNE 1990 OPTIMAL CONTROL COLLOCATION METHOD 415

Initial Conditions
The conditions at t0 = 0, which specify the vehicle state at the

re-entry point, are
*! = 260,000
*2 = 0
x3 = 0
*4 = 25,600
xs = -I/a

Terminal Conditions
The conditions at the final time //, which is free, are

*! = 80,000
x4 = 2500
x5= -S/o

Transformation to Characteristic Units
When written in characteristic or canonical units, distance is

measured in Earth radii (er), and "modified time" is mea-
sured in units of (er)3/2. The modified time 7 is related to the
time t (in seconds) by the formula

where

The state vector in characteristic units is related to the state
vector in engineering units by the formula

where A is a diagonal matrix with A22 = A33 = A55=A66= 1,
A 1 1 = c~ l , and A^ = (a\ce)~l. The state equations are obtained
by differentiating the preceding transformation with respect to
7 and applying the chain rule. The result is
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